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General Teleparallel Modifications of Schwarzschild Geometry
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Teleparallel theories of gravity are described in terms of the tetrad of a metric and a flat con-
nection with torsion. In this paper, we study spherical symmetry in a modified teleparallel theory
of gravity which is based on an arbitrary function of the five possible scalars constructed from the
irreducible parts of torsion. This theory is a generalisation of the so-called New General Relativity
theory. We find that only two scalars are different to zero in spherical symmetry and we solve the
corresponding field equations analytically for conformal Teleparallel gravity, and then perturbatively
around Schwarzschild geometry for the general perturbative theory around GR. Finally we compute
phenomenological effects from the perturbed solutions such as the photon sphere, perihelion shift,
Shapiro delay and the light deflection. We find their correspondent correction to the standard GR
contribution and their dependence on the three model parameters.
I. INTRODUCTION
General Relativity (GR) is a very successful theory which describes phenomena from the motion of planetary
system, such as the solar system, via gravitational waves from binary systems, to the evolution of the accelerating
expanding Universe as whole [1, 2] to high precision. Over the last years many access to many new observables have
been achieved either astrophysical sources or cosmology. The most recent examples are the observation of the shadow
of the black hole at the center of the galaxy M87 [3] and the detection of gravitational waves [4–7]. All of these
observations are so far mostly consistent with GR.
Nevertheless, there are some theoretical and observational problems that GR faces and for which an explanation
within GR is missing. Most prominent are the dark energy and dark matter phenomenology as well as the question
about the nature of the cosmological constant, the emergence of singularities and the issue of a missing theory of
quantum gravity [8–15]. Additionally, the growing tensions between cosmological parameters have emerged after
recent new data sets had been evaluated, such as the so-called H0 or σ8 tensions [16–18]. Also, in the realm of
gravitational wave observations exist new intriguing result, such as the one found in GW190814, suggesting that a
neutron star can have a mass within the so-called mass gap that is predicted by GR [19]. These observations together
demonstrate that pieces in our understanding of gravity are still missing and that GR might not be the final answer.
Approaches to extend and modify GR, to obtain an understanding of the discussed problems are numerously dis-
cussed and proposed in the literature proposed [20–24]. The most straightforward generalisation is to keep Riemannian
geometry as geometry of spacetime, as in GR, and either extend the Lagrangian by generalising the Einstein-Hilbert
action, or to add new degrees of freedom through additional gravitational scalar, vector or tensor fields, and cou-
ple these to further curvature scalars then the Ricci scalar. Many such theories have been constructed containing
advantages and disadvantages compared to GR.
Another route for modified gravity is to modify geometry of spacetime which represents the gravitational field.
Instead of Riemannian geometry one may consider an affine geometry base on a metric and a dynamical independent
affine connection [25, 26]. Depending on the properties the connection has, non-metricity, torsion and or curvature,
different models can be constructed and are investigated [27–30]. In the context of quantum gravity phenomenology
and the standard model extension one leaves the realm of metric affine gravity and considers curved velocity and
momentum spaces [31–33], for example in terms of Finsler or Hamiltonian geometry [34–37].
In this article we consider teleparallel gravity, which is based on so-called Teleparallel geometry, where the connection
on the spacetime manifold has torsion, is metric compatible and has no curvature, As fundamental variable one uses
the tetrad of the metric insted of the metric itself [38, 39]. On the basis of teleparallel geometry on can simply
reformulate GR as “Teleparallel equivalent of General Relativity" (TEGR) [38] and starting from thereon, one can
construct modified teleparallel theories of gravity [40–45].
The TEGR Lagrangian is constructed from the so-called torsion scalar T, which is a specific combination of contrac-
tions of the torsion tensor. It turns out that the Ricci scalar computed with the Levi-Civita connection is related to
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2the scalar torsion as R˚ = −T+B, and then, the TEGR action differs from the Einstein-Hilbert action by a boundary
term B. Therefore, the TEGR field equations are identical to the Einstein’s field equations.
The first TEGR modification was formulated in [46], where the authors generalised the TEGR Lagrangian by
constructing the three non-parity violating scalars that one can construct form the torsion tensor and combined these
linearly with arbitrary coefficients weighing them. A very specific numerical choice of these coefficients yields TEGR
itself. This theory was labelled as “New General Relativity". In [47] it was found that the unique non-pathological
theory around Minkowski is the family of parameters which recovers TEGR.
Later, several authors [48–50] studied a generalised theory considering a Lagrangian with a arbitrary function f(T)
of the torsion scalar T . This theory has became very popular in the last decade, with different types of studies such
as cosmology [49, 51–53] and astrophysics [54–62]. One important issue about this theory is the possibility of being
strongly coupled which has been suggested by recent papers [63, 64]. Basically, these authors have shown that the new
degrees of freedom of f(T) [65, 66] do not show up in both Minkowski and FLRW backgrounds, and then one cannot
trust perturbation techniques around these space-time geometries. Due to this, some other modified Teleparallel
theories have been proposed in the literature. For example, in [43] so-called f(T,B) gravity was formulated, where
the boundary term B connecting the torsion scalar with the Ricci scalar is considered in the Lagrangian. So far, no
relevant interesting exact spherically symmetric vacuum solutions exist in this model [67]. However, what exists are
perturbation solutions which investigate first order teleparallel perturbations of TEGR and find perturbative solutions
around the famous Schwarzschild solution of GR [68–71].
Based on the ideas of f(T) gravity and New General Relativity, a class of theories has been suggested which is
based on an arbitrary function of all the possible five, parity even and parity odd, scalars that one can construct
from torsion [72]. The investigation of the phenomenology and viability of these theories is an ongoing project in
the literature. It is already known that the FLRW background of these theories are identical to the f(T), but its
perturbations have not been studied yet.
In this paper, we will study this theory in spherical symmetry and find the most general perturbative solution
around TEGRs Schwarzschild solution. We will study how these solutions affect the motion of particles and derive
the observables: circular ohoton orbits, deflection of light, Shapiro delay and the perihelion shift. With this we extend
the existing studies of these observables based on weak f(T) gravity.
This paper is organised as follows: In Sec. II we give a short introduction to Teleparallel gravity and also we
present the most general action constructed from the contraction of torsion tensor (up to quadratic contractions). In
this section, we also find the field equation in spherical symmetry and obtain exact and perturb solutions. Sec. III
is devoted to studying particle motion phenomenology of these spherically symmetric solutions, where we compute
photon sphere, perihelion shift, Shapiro delay and the light deflection. We conclude our main results in IV.
Throughout the paper we denote Latin (Greek) indices to refer to tangent(space-time) space. The tetrad and its
inverse are denoted by haµ and ha
µ, and our signature convention is (+,−,−,−). We also work in the units where
G = c = 1.
II. TELEPARALLEL THEORIES OF GRAVITY IN SPHERICAL SYMMETRY
To analyse spherically symmetric teleparallel theories of gravity we study them in terms of the most general
spherically symmetric Weitzenböck tetrad. We use the decomposition of the torsion tensor into tensorial, vectorial
and axial part to construct the five canonical quadratic torsion scalars, and find that only two of these are non-
vanishing. With this finding we are able to display the spherically symmetric field equations for most classes of
teleparallel gravity theories considered in the literature.
A. Teleparallel gravity
Teleparallel theories of gravity have a long history in physics [38, 48, 73]. They are formulated in terms of the
tetrads ha = haµdx
µ of a metric g = ηabh
a
µh
b
νdx
µ ⊗ dxν , their duals ha = haµ∂µ and a flat, metric compatible
spin connection ωab = ω
a
bµdx
µ with torsion. The flatness and metric compatibility demand on the spin connection
yield, that its components are generated by local Lorentz transformation matrices Λab as ω
a
bµ = Λ
a
c∂µ(Λ
−1)cb. The
torsion of the spin connection is given by
T aµν = 2
(
∂[µh
a
ν] + ω
a
b[µh
b
ν]
)
. (1)
Due to the specific form of the spin connection, it is always possible to introduce the so called Weitzenböck tetrad
haW = h
b(Λ−1)ab for which the torsion becomes
T aWµν = 2∂[µh
a
W ν] . (2)
3It has been shown in detail in the literature that it is equivalent to study teleparallel theories of gravity either, with a
tetrad and a spin connection and looking for solutions of the field equations, or, to simply consider the Weitzenböck
tetrad and a vanishing spin connection. In the latter case the tetrad has to solve the symmetric and the anti-symmetric
part of the field equations [44, 50, 74].
In what follows we will always work with the Weitzenböck tetrad and vanishing spin connection. For the sake of
readability we drop the label W on the geometric objects. Moreover we will work with the pure spacetime index
torsion
T σµν = ha
σT aµν . (3)
that is related to the mixed index torsion by a contraction with an inverse tetrad. To construct an action for teleparallel
theories of gravity, one uses the torsion tensor as fundamental building block. The simplest scalars one can construct
require contractions between two torsion tensors. There are five independent such scalars, which can be constructed in
a most systematic way by decomposing the torsion tensor into the so called vector, axial and tensor torsion, see [72],
vµ = T
ν
νµ, aµ =
1
6
ǫµνρσT
νρσ, tµνρ = T(µν)ρ +
1
3
(
T σσ(µgν)ρ − T σσρgµν
)
. (4)
The three parity even torsion scalars are
Tvec = vµv
µ, Tax = aµa
µ, Tten = tλµνt
λµν , (5)
while the two parity odd ones are
P1 = vµa
µ, P2 = ǫµνρσtλ
µνtλρσ . (6)
The most general action which can be constructed from these terms is [72]
S˜[h,Ψ] =
∫
M
|h|
[
1
2κ2
f(Tten, Tvec, Tax, P1, P2) + Lm(g,Ψ)
]
, (7)
where Lm(g,Ψ) is the matter field Lagrangian. The matter fields are minimally coupled to the tetrads via the metric
they generate. Surely, to obtain a well defined action integral it is important that the the function f is chosen such
that the parity odd terms appear in a way that they combine into terms that are parity even in total, i.e. they must
appear multiplied with each other in an even power.
To avoid the complication when parity odd terms are included, the literature focused on f(Tten, Tvec, Tax)-theories,
which were introduced in [72],
S[h,Ψ] =
∫
d4x |h|
[
1
2κ2
f(Tten, Tvec, Tax) + Lm(g,Ψ)
]
. (8)
A most famous class of teleparallel gravity theories, which fit in the framework just introduced, are the new general
relativity theories [75]. They are defined by the most general Lagrangian that is linear in the parity even torsion
scalars, parametrized by three constants ct, cv and ca
f = ctTten + cvTvec + caTax . (9)
Fixing the values of the constants to ct =
2
3 , cv = − 23 , ca = 32 the Lagrangian becomes the torsion scalar
T =
2
3
Tten − 2
3
Tvec +
3
2
Tax (10)
that is, up to a total divergence, i.e a boundary term in the metric, identical to the Ricci scalar of the metric induced
by the tetrads. It defines the teleparallel equivalent of general relativity (TEGR) [38, 41] which has the same equations
as General Relativity.
In the following we study static perturbations of TEGR in spherical symmetry, to identify the phenomenological
imprints of teleparallel theories of gravity.
4B. Field equations in spherical symmetric teleparallel gravity
To investigate spherically symmetric teleparallel theories of gravity we employ standard spherical coordinates
(t, r, θ, φ) and use the off-diagonal tetrad, which is consistent with a vanishing spin connection [76, 77]
haν =


√
A 0 0 0
0
√
B cos(φ) sin(θ) M cos(φ) cos(θ) −M sin(φ) sin(θ)
0
√
B sin(φ) sin(θ) M sin(φ) cos(θ) M cos(φ) sin(θ)
0
√
B cos(θ) −M sin(θ) 0

 , (11)
where A,B and M are function of r. This tetrad yields the static spherically symmetric metric
ds2 = A(r) dt2 −B(r) dr2 −M(r)2(dθ2 + sin2 θdφ2) , (12)
and the five fundamental torsion scalars in (5) and (6) become
Tten = − (MA
′ + 2A(
√
B −M ′))2
4A2BM2
, (13)
Tvec = − 1
B
(
A′
2A
+
2
M
(M ′ −
√
B)
)2
, (14)
Tax = P1 = P2 = 0 . (15)
The ′ denotes derivative with respect to the r coordinate. Thus we find that, in spherical symmetry there are only
two non-vanishing torsion scalars, the axial torsion scalar and the parity odd torsion scalars vanish identically.
An important remark is that for Minkowski spacetime A = B = 1, M = r, the remaining scalars Tten and Tvec
consistently vanish, so, for our choice of tetrad, all torsion scalars vanish on Minkowski spacetime, hence in particular
the TEGR torsion scalar (10).
To derive the field equations of spherical symmetric teleparallel theories of gravity based on actions of the form
(7), the principle of symmetric criticality can be employed [78]. This means, instead of varying the general action,
one evaluates the action on the symmetry reduced tetrad (11) and considers it as action for the remaining degrees
for freedom A,B and M . Variation with respect to these functions and fixing M = r after the variation, then yields
the field equations. Alternatively, the field equations can be obtained from variation of the general action (8), which
are displayed in Appendix A and plugging in the tetrad (11). Both methods consistently yield the following field
equations,
1
2
κ2ρ =
fTten
8r2A2B2
[
−r2BA′2 + rA
(
−rA′B′ + 2B3/2A′ + 2B (rA′′ +A′)
)
+ 2A2(rB′ + 2B3/2 − 2B)
]
+
fTvec
8r2A2B2
[
−r2BA′2 + rA
(
−rA′B′ − 4B3/2A′ + 2B(rA′′ + 4A′)
)
− 4A2(rB′ + 2B3/2 − 2B)
]
+
1
4rAB
[
rA′
(
f ′Tten + f
′
Tvec
)
+ 2A(
√
B − 1) (f ′Tten − 2f ′Tvec) ]+ 14f , (16)
1
2
κ2pr = − fTten
8r2A2B
(rA′ − 2A)
[
rA′ + 2A(
√
B − 1)
]
− fTvec
8r2A2B
(rA′ + 4A)
[
rA′ − 4A(
√
B − 1)
]
− 1
4
f , (17)
1
2
κ2pl = − fTten
16r2A2B2
[
r2BA′2 + rA (rA′B′ − 2B (rA′′ +A′)) +A2(−2rB′ − 8B3/2 + 4B2 + 4B)
]
+
fTvec
8r2A2B2
[
r2BA′2 + rA
(
rA′B′ + 6B3/2A′ − 2B (rA′′ + 4A′)
)
+A2(4rB′ + 16B3/2 − 8B2 − 8B)
]
+
f ′Tten
8rAB
[
rA′ + 2A(
√
B − 1)
]
+
f ′Tvec
4B
[
4(
√
B − 1)
r
− A
′
A
]
− 1
4
f . (18)
Here, fTten = ∂f/∂Tten, fTvec = ∂f/∂Tvec and we have assumed an anisotropic fluid for the matter whose energy
density is ρ and its lateral and radial pressures pl and pr, respectively. For f = T, see (10), we have that fTten =
fTvec = fTax = constant and thus f
′
Tten
= f ′Tvec = f
′
Tax
= 0. For this choice the above equations are identical to the
Einstein equations for a spherically symmetric metric (12) with M = r. Their unique vacuum solution then is the
Schwarzschild solution A = B−1 = 1 − 2M/r. Consequently, choosing f = f(T) = f((2/3)Tten − (2/3)Tvec), which
gives fTten = −fTvec = (2/3)fT(T), on recovers correctly the spherically symmetric f(T) field equations, which were
for example reported in reported in [68].
Next, we will solve these equations for different choices of the function f(Tten, Tvec) = f(Tten, Tvec, 0, 0, 0). In
particular we find the influence of weak teleparallel perturbations on Schwarzschild geometry.
5C. Solving the field equations
In general it is very difficult to find non-perturbative solutions for the field equations (16) to (18). Exceptions are
the TEGR case when f = T, and, as we will see below, conformal teleparallel gravity.
To investigate the effects of teleparallel modifications of general relativity in spherically symmetry we will will solve
the field equations for theories that are perturbations of TEGR.
1. Conformal teleparallel gravity
Conformal teleparallel gravity is introduced in the literature in terms of specifying f to, see [79],
fC(Tax, Tten, Tvec) =
9
4
αTˆ 2 =
9
4
α
(3
2
Tax +
2
3
Tten
)2
, (19)
In spherical symmetry the function reduces to
fC(Tten, Tvec) = αT
2
ten = α
(rA′ + 2A(
√
B − 1))4
16A4B2r4
. (20)
Plugging this function into the field equations we find that
B =
9 (rA′ − 2A)2
4A2
, (21)
solves them identically, i.e. A is not determined. Choosing the Ansatz A = 1B yields
A(r) =
1
9
(
K0r − 1
)2
. (22)
Our little example here proves that this conformal teleparallel theory of gravity is not predictive, since it does not
determine the components of a spherically symmetric metric without further assumptions.
2. Perturbations around Schwarzschild geometry
To study the influence of teleparallel modifications of general relativity to particle motion in spherical symmetry
we consider f as a power law
f(Tten, Tvec, Tax, P1, P2) =
∑
I,J,K,L,M
1
(I + J +K + L+N)!
CIJKLNT
I
tenT
J
vecT
K
axP
L
1 P
N
2 (23)
= Λ+ ctTten + cvTvec + caTax +
1
2 (α1T
2
ten + α2T
2
vec + 2α3TtenTvec) (24)
+ 12 (α4T
2
ax + α5TaxTten + α6TaxTvec + α7P
2
1 + α8P
2
2 + α9P1P2 + ...) , (25)
where the sum of the integers L + N must always be even to obtain a parity even Lagrangian. We called the first
order coefficients C10000 = ct, C01000 = cv and C00100 = ca and the second order coefficients C20000 = α1, C02000 = α2,
C11000 = 2α3, C00200 = α4, C10100 = α5, C01100 = α6, C00020 = α7, C00002 = α8 and C00011 = α9. The zeroth order
is a cosmological constant term and the first order defines the new general relativity Lagrangian.
Any teleparallel theory of gravity which is built from a function of the type f(Tten, Tvec, Tax, P1, P2), and these are
nearly all discussed models in the literature, admits such an expansion for a small values of the zeroth order, i.e. for
example as perturbation around Minkowski spacetime as a solution, or, in asymptotic flat or weak field regime regions.
This expansion is a straightforward generalisation of the the expansion of f(T) models. The later are contained in
the above expansion by setting ct = 2/3, cv = −2/3, ca = 3/2.
According to the discussion in the previous section the above expansion reduces in spherical symmetry to
f(Tten, Tvec) = f(Tten, Tvec, 0, 0, 0) =
∑
I,J,K,L,M
1
(I + J +K + L+N)!
CIJKLNT
I
tenT
J
vecT
K
axP
L
1 P
N
2 (26)
= Λ+ ctTten + cvTvec +
1
2
(α1T
2
ten + α2T
2
vec + 2α3TtenTvec) + ... . (27)
6To derive the influence of teleparallel correction to Schwarzschild geometry we choose the coefficients ct =
2
3 , cv = − 23
and introduce a perturbation bookkeeping parameter ǫ to define the family of weak teleparallel perturbations of TEGR
fweak(Tten, Tvec) = Λ +
2
3
(Tten − Tvec) + ǫ
2
(α1T
2
ten + α2T
2
vec + 2α3TtenTvec) +O(ǫ2) , (28)
for which we derive solutions of the field equations to first order in ǫ of the form
A(r) = 1− 2M
r
+ ǫ a(r) +O(ǫ2) , (29)
B(r) =
(
1− 2M
r
)−1
+ ǫ b(r) +O(ǫ2) . (30)
In earlier works weak f(T) gravity has been considered, i.e. a Lagrangian of the type f = T + ǫαT2. This theory is
contained in our more general approach here by setting α1 = α2 = −α3 = (4/9)α.
In what follows all expression are understood that they are derived up to first order in ǫ and we drop the higher
order symbol O(ǫ2).
Using (28) and (30) in the field equations (16)-(18), and performing an expansion up to first order in ǫ, one obtains
2κ2ǫρ = ǫ
[
µ4
(
2 (rb′ − b)
r2
− 81(7α1 − 9α2 − 2α3)
32r4
)
+ µ2
(
4b
r2
+
9(11α1 + 91α2 + 2α3)
8r4
)
+
9µ3(3α1 − 9α2 − α3)
r4
−3µ(9α1 + 16α2 + α3)
r4
+
3(α1 + α2 − α3)
r4µ
+
3(α1 + 9α2 − 2α3)
8r4µ2
+
α1 − 2α2 − α3
r4µ3
+
9(α1 + α2 + 2α3)
32r4µ4
+
11α1 − 13α2 + 142α3
16r4
]
, (31)
−2κ2ǫpr = ǫ
[
− 32r
3a′ + 32r2a+ α1 + 241α2 − 190α3
16r4
+
16r2a+ 3α1 − 33α2 + 6α3
8r4µ2
− 243µ
4(α1 + α2 + 2α3)
32r4
+µ2
(
2b
r2
+
9(3α1 − 33α2 − 26α3)
8r4
)
+
27µ3(α1 + 2α2 + 3α3)
2r4
− 9µ(3α1 − 6α2 + α3)
2r4
+
9(α1 + 2α2 − α3)
2r4µ
+
−α1 + 2α2 + α3
2r4µ3
− 3(α1 + α2 + 2α3)
32r4µ4
]
, (32)
−2κ2ǫpl = ǫ
[4r3a′ − 3α1 + 3α2
8r4µ2
− 16r
4a′′ + 24r3a′ − 8r2a+ 5α1 + 557α2 + 562α3 − 8r2b
16r4
+
µ2
(
9(−7α1 + 67α2 + 28α3) + 4r3b′
)
8r4
+
µ4
(
81(5α1 + 9α2 + 14α3) + 16r
3b′ − 16r2b)
32r4
+
−16r2a− 3α1 + 9α2 + 6α3
32r4µ4
− 9µ
3(9α1 + 33α2 + 37α3)
4r4
+
3µ(27α1 − 7α2 + 65α3)
4r4
+
−15α1 + 69α2 + 9α3
4r4µ
− α1 + 7α2 − α3
4r4µ3
]
, (33)
where µ = (1− 2M/r)1/2. One can solve these equations straightforwardly for vacuum case ρ = pr = pl = 0 and find
the metric component functions
a(r) =
1
r2 (µ2 − 1)2
[ 1
320
(387α1 + 659α2 − 514α3) + 81
64
µ8(α1 + α2 + 2α3)− 27
10
µ7(α1 + 2α2 + 3α3)
− 9
64
µ6(9α1 − 39α2 − 22α3) + 27
5
µ5(α1 + 2α2 + 3α3) +
1
8
µ4(−11α1 − 293α2 − 169α3)
+
1
80
µ2(−239α1 − 2123α2 + 608α3) + µ(α1 − 2α2 − α3) + −α1 + 2α2 + α3
2µ
− 3(α1 + α2 + 2α3)
64µ2
+ log(µ)
(
3
8
(α1 + 9α2 − 2α3)− 9
8
µ2(α1 + 9α2 − 2α3)
)
+ 2(25α2 + α3)µ
3
]
, (34)
b(r) =
1
r2 (µ2 − 1)2
[ 9
32
(11α1 + 91α2 + 2α3)− 1
64
27µ2(7α1 − 9α2 − 2α3) + 9
5
µ(3α1 − 9α2 − α3)
+
11α1 − 13α2 + 142α3
32µ2
+
3(α1 + α2 − α3)
µ3
+
201α1 − 263α2 − 122α3
160µ4
+
−α1 + 2α2 + α3
µ5
− 9(α1 + α2 + 2α3)
64µ6
7+
−9α1 − 16α2 − α3
µ
+
3(α1 + 9α2 − 2α3) log(µ)
8µ4
]
. (35)
Notice that we have set the integration constants which appear in the system in such a way that we recover the
standard Schwarzschild at the weak field limit at r →∞, i.e., A ∼ 1− 2M/r+O(1/r2) and B ∼ 1+2M/r+O(1/r2).
One can check that if α1 = α2 = −α3 = (4/9)α, one recovers the squared power-law f(T) = T + (1/2)T2 solution
found previously in [68, 71]. The above perturbed solution is asymptotically flat since a, b→ 0 for r →∞ (µ→ 1).
It is worth mentioning that, similarly as it happens in f(T) gravity, there are no first order perturbative solutions
around Minkowski background (M = 0). In this case, only if one expands the equations up to fourth order in ǫ, one
finds the first non-trivial corrections.
Having found the teleparallel perturbations of Schwarzschild geometry we next derive explicitly the effects on
observables from point particle motion.
III. PARTICLE MOTION PHENOMENOLOGY
Some classical observables related to the propagation of particles in a spherically symmetric gravitational field are
the photon sphere of a black hole, which determines its shadow, the perihelion shift, the Shapiro time delay and the
deflection angle of light.
The shadow of a black hole has recently been observed for the first time [3]. Even though realistic black holes will
be rotating and a derivation of the photon regions in axial symmetry is necessary, the calculation of the photon sphere
in spherical symmetry is the step towards this goal.
The other three observables can be measured to high precision in the solar system. In total thus we derive four
observables which can be used to constrain the parameters α1, α2 and α3 of the teleparallel perturbations.
A. Geodesic equation and effective potential
The following is a quick summary how to obtain the relevant equations for the desired observables. These are
mainly textbook calculations for which details can be found for example in the books [80–82].
The geodesic equation, which governs the motion of point particles can be derived as Euler Lagrange equation
d
dτ ∂˙µL − ∂µL = 0 of the Lagrangian
2L = gµν q˙µq˙ν = A t˙2 −B r˙2 − r2θ˙2 − r2 sin2 θφ˙2 . (36)
The θ equation is immediately solved by setting θ = π/2, and the t- and the-φ equation each reveal the existence of
the constants of motion, the energy k, and the angular momentum h
k =
∂L
∂t˙
= At˙ =
(
1− 2M
r
+ ǫ a(r)
)
t˙ , (37)
h = −∂L
∂φ˙
= r2φ˙ . (38)
Since physical particles must obey the normalisation condition 2L = σ, where σ = 1 for massive and σ = 0 for
massless particles, the normalisation condition yields the equation which goveners the radial motion of the particles
r˙2 = B−1
(k2
A
− h
2
r2
− σ
)
. (39)
In terms of the effective potential V (r) = − 12B−1
(
k2
A − h
2
r2 − σ
)
it takes the form
r˙2 + 2V (r) = 0 . (40)
To first order in ǫ, using (30), the potential can be expanded as
V (r) = −1
2
k2 +
1
2
(
1− 2M
r
)(
h2
r2
+ σ
)
+
ǫ
2
[
k2
(
a(r)
1− 2Mr
+ b(r)
(
1− 2M
r
))
− b(r)
(
σ +
h2
r2
)(
1− 2M
r
)2]
. (41)
8All desired observables can be derived from the equations
r˙ =
√
−2V (r) , (42)(
dr
dφ
)2
=
r˙2
φ˙2
= −2V (r)r
4
h2
, (43)
dt
dr
=
t˙
r˙
=
k
A
√
−2V (r) , (44)
dφ
dr
=
φ˙
r˙
=
h√
−2V (r)r2 . (45)
Having introduced all these quantities, we can now compute different observables for the perturbed solution found.
B. Photon sphere
To determine the photon sphere we derive the circular orbits for massless particles (σ = 0). They are characterized
by setting r˙ = 0 in (42), hence V (r) and V ′(r) must vanish. For the calculation we expand the radius of interest rc
into rc = r0 + ǫr1, as well as h = h0 + ǫh1 and k = k0 + ǫk1. Solving the equations order by order yields to zeroth
order
r0 = 3M, h0± = ±3
√
3k0M , (46)
and the first order correction
r1 =
(
229
√
3− 177)α1 + (133√3− 1809)α2 + 2 (61√3 + 87)α3
240
(√
3 + 3
)
M
+
9 log(3)(α1 + 9α2 − 2α3)
64M
(47)
≈ 0.34789α1
M
+
0.000409083α2
M
+
0.0302887α3
M
, (48)
h1± = ±
3k0
(√
3α1 + α1 − 71α2 + 41
√
3α2 − 10α3 + 6
√
3α3
)
8
(√
3 + 3
)
M
± 9
(√
3 + 1
)
k1M√
3 + 3
(49)
≈ ±k0(0.216506α1 + 0.00111604α2 + 0.0310889α3)
M
± 5.19615k1M . (50)
It is interesting to see that there exists a two parameter family of teleparallel modifications of general relativity for
which r1 vanishes, since one can solve r1 = 0 for one of the coupling constants αI in terms of the others.
The obtained result reproduces the findings of [68] by setting α1 = α2 = −α3 = (4/9)α which is the f(T)-squared
power law case.
C. Perihelion Shift
Let rc be a circular orbit of a massive object (σ = 1). The perihelion shift of a nearly circular orbit r(φ) = rc+rφ(φ) is
determined from (43), by expanding it in orders of rφ/rc up to second order, and studying the resulting wave equation.
The expression for the perihelion shift is
∆φ = 2π
( 1
K
− 1
)
= 2π
(
h
r2c
√
V ′′(rc)
− 1
)
. (51)
The effective potential depends on the conserved quantities k = k0 + ǫk1 and h = h0 + ǫh1. For circular orbits rc
the effective potential satisfies, as already mentioned, V (rc) = 0 and V
′(rc) = 0. These equations can be solved order
by order for the energy and angular momentum parameters
h0(rc) = ± rc√
rc/M − 3
, k0(rc) = ± rc − 2M√
r0(rc − 3M)
, (52)
9as well as for
h1(rc) = ±
(
rc
(
3µ2c − 1
)3
(rc − µ20rc)
)−1/2
320µ6c (µ
2
c − 1)
[
− 1215µ10c (α1 + α2 + 2α3) + 2160µ9c(α1 + 2α2 + 3α3)
+90µ8c(9α1 − 39α2 − 22α3)− 2592µ7c(α1 + 2α2 + 3α3) + 40µ6c(11α1 + 293α2 + 169α3)
+180µ4c(α1 + 9α2 − 2α3) + 160µ3c(α1 − 2α2 − α3) + µ2c
(
120 log(µc)(α1 + 9α2 − 2α3)
+327α1 + 119α2 − 394α3
)
− 240µc(α1 − 2α2 − α3)− 30(α1 + α2 + 2α3)− 320µ5c(25α2 + α3)
]
, (53)
where µ2c = 1 − 2M/rc. The quantity k1 does not play any role here. Plugging these into (51) yield the perihelion
shift as function of rc
∆φ(h0+, h1+) = ∆φGR + ǫ∆φǫ (54)
= 6πq + 27πq2 + ǫ
2πq2
r2c
(16α1 + α2 + 8α3) +O(q3) , (55)
where q = M/rc. It is not surprising that also for this observable there exists a two parameter family of non-trivial
teleparallel modification of general relativity, which makes this correction vanish. For example one could choose
α2 = −8(2α1 + α3).
Again, this result is consistent with the f(T)-squared power law case reported in [68, 83] which is recovered by
setting α1 = α2 = −α3 = (4/9)α, yielding ∆φǫ = 8παq2/r2c .
D. Shapiro Delay
For the Shapiro delay one considers an emitter of a light pulse at a given radius re, the light ray propagates through
spacetime to a point of closest encounter to the central mass r0 and from there to a mirror at radius rm where it gets
reflected and returns on the same path to the emitter. The Shapiro delay is the difference in the time of flight of the
signal in the presence and absence of the gravitational field.
The time required from a radial signal to travel from r0 to another radius r can be obtained by integrating Eq. (42),
giving us
t(r, r0) =
r∫
r0
dr¯
√
−2V (r¯) =
r∫
r0
dr¯
[(
1− r
2
0A(r0)
r¯2A(r¯)
)
A(r¯)
B(r¯)
]−1/2
, (56)
where σ = 0 and
r20 =
(h
k
)2
A(r0) . (57)
Now, we need to replace the effective potential (41) and the solution (34)-(35) and expand up to first order in ǫ. Doing
this, the integrand becomes
[(
1− r
2
0A(r0)
r¯2A(r¯)
) A(r¯)
B(r¯)
]−1/2
=
µ0
(
µ20 − 1
)
µ¯2
(
µ60 − 2µ40 + µ20 − µ¯2
(
µ¯2 − 1)2 )−1/2 − ǫ
(
µ20 − 1
)
2µ0µ¯4
(
µ60 − 2µ40 + µ20
−µ¯2 (µ¯2 − 1)2 )−3/2 × [µ¯4 (µ¯2 − 1)2 a(r0) + µ20 (µ60 − 2µ40 + µ20 − 2µ¯2 (µ¯2 − 1)2) a(r¯)
−µ20µ¯4
(
µ60 − 2µ40 + µ20 − µ¯2
(
µ¯2 − 1)2) b(r¯)] , (58)
where µ¯2 = 1 − 2M/r¯ and µ20 = 1 − 2M/r0. The first term corresponds to the standard GR contribution while the
second one will be related to our perturbed solution. The retardation of light (Shapiro delay) will be then defined as
∆tShapiro(re, rm, r0) =
1
2
(
t(re, r0) + t(rm, r0)−
√
r2e − r20 −
√
r2m − r20
)
. (59)
To be able to integrate Eq. (56), one needs to make some approximations. We assume a small Schwarzschild radius,
resp. a small mass of the central object 1 ≫ M , and make a power series expansion in the mass parameter, to get
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the Shapiro delay corresponding to the solution (34)-(35). Approximately the time delay between r and r0 can be
written as follows
∆tShapiro(r, r, r0) = ∆tShapiro,GR(r, r, r0) + ǫ∆tShapiro(r, r, r0) (60)
≈ M
√
r2 − r20
r + r0
+ 2M log
(√
r2 − r20 + r
r0
)
+ ǫ
M3
√
r2 − r20
10(r + r0)
[ 1
r20r
2
(
24α1 − α2 + 2α3
)
+
2
r30r
(
44α1 − α2 + 7α3
)
+
20
r40
(
4α1 + α3
)]
. (61)
For the f(T) case (α1 = α2 = −α3 = (4/9)α), we find
∆tShapiro(r, r, r0) = ∆tShapiro,GR(r, r, r0) + ǫ∆tShapiro(r, r, r0) (62)
≈ M
√
r2 − r20
r + r0
+ 2M log
(√
r2 − r20 + r
r0
)
+ ǫ
4αM3
√
r2 − r20
30(r + r0)
[ 7
r3r0
+
7
r2r20
+
17
rr30
+
20
r40
]
,(63)
which matches the result found in [69] by adding the approximation r ≫ 1 (which for example, it is valid in the Solar
System), which gives us tShapiro,ǫ(r,r0) ≈ 8αM3/(3r40). It is also interesting to mention that for the theory α2 = 16α1
and α3 = −4α1, the contribution coming from the modification drops out and the Shapiro delay is exactly the same
as the one predicted by GR. In contrast to the previous observables one has to fix to of the three model parameters
to achieve this.
E. Light Deflection
The light deflection angle ∆ϕ can be found by integrating (45), setting r0 as the minimal distance r˙(r0) = 0
(V (r0) = 0) and replacing
r20 =
(h
k
)2
A(r0) , (64)
which yields the following expression for ∆ϕ,
π +∆ϕ = ±2
∫ ∞
r0
dr¯
h
r¯2
√
−2V (r¯) = 2±
∫ ∞
r0
dr¯
B(r¯)1/2
r¯2
( A(r0)
r20A(r¯)
− 1
r¯2
)−1/2
. (65)
Pictorial this can be understood as the angle which characterizes the difference between the light trajectory at infinity,
with our without the presence of a gravitating central mass.
If we replace the metric functions as (30) in (65), and expand up to first order in ǫ, its integrand becomes
B(r¯)1/2
r¯2
( A(r0)
r20A(r¯)
− 1
r¯2
)−1/2
=
4M
(
r30 − r¯3
)− 2r30 r¯ + 2r0r¯3 − ǫ r0r¯3a(r0)
2r¯2
√
2M
r0
(
r3
0
r¯3 − 1
)
− r20r¯2 + 1 (2M (r30 − r¯3)− r30 r¯ + r0r¯3)
. (66)
As we pointed out in the previous section, to integrate (65), we must assume an approximation. Thus, if we replace
our solution and perform the approximation 1≫M , one finds that the deflection of light will be approximately given
by
∆ϕ ≈ ϕGR + ǫ ϕǫ = 4M
r0
+
M2
r20
(
15π
4
− 4
)
+
M3
r30
(244− 45π
6
)
+ ǫM3
16(4α1 + α3)
5r50
+O(M4/r40) . (67)
The first three terms on the most right hand side of the above expression are the well-known GR result expanded up
to M3/r30 whereas the fourth one is the modification caused by the teleparallel correction. One can notice that the
leading term correction appears with M3/r30. The parameter α2 does not play a role here to leading order, but only
to subleading orders. For the f(T)-power law case the deflection of light becomes
∆ϕ ≈ ϕGR + ǫ ϕǫ = 4M
r0
+
M2
r20
(
15π
4
− 4
)
+
M3
r30
(244− 45π
6
)
+ ǫM3
64α
45r50
+O(M4/r40) , (68)
which matches the result obtained in [69].
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IV. CONCLUSION
Spherically symmetric vacuum solutions form a very important foundation for the viability of theories of gravity.
In first approximation they describe planetary systems as the solar system, they describe non-rotating black holes
and are the first step towards realistic rotating black hole solutions, they can be used as exterior solutions for stars,
as well as for the derivation of quasi-normal modes after a merger event.
In this article we derived the most general spherically symmetric field equations for a teleparallel theory of gravity.
Moreover, we solved the field equations for two teleparallel theories of gravity explicitly. First, we had a quick look at
conformal teleparallel gravity in spherical symmetry, which turned out not be a predictive theory. Second, we solved
the field equations perturbatively for the most general quadratic polynomial teleparallel perturbation of GR. The
theory contains three free parameters αi, i = 1, 2, 3 which can be constrained by experiments. We explicitly derived
how these parameters influence the photon sphere, the perihelion shift, the Shapiro delay and the light deflection.
For the photon sphere we found that its acquires a teleparallel correction of the form M−1
∑3
i=1 aiαi, where the
values of the ai are fixed, see (48). Hence, the parameters can be chosen such that a larger, smaller or identical
shadow of a black hole compared to general relativity is predicted. Fixing the photon sphere to an observed value
would fix one of the three parameters in terms of the other two.
A similar observation can be made for the perihelion shift (55). The teleparallel influence is determined by a different
linear combination of the model parameters as 2πq
2
r2
c
∑3
i=1 biαi, where the values of the bi are fixed. In principle, larger,
smaller or an equal value to the prediction of general relativity is possible. Fixing the perihelion shift prediction to
an observed value determines one of the three parameters in terms of the other, but with a different relation as for
the photon sphere. Hence these two observables together constrain two of three model parameters.
For the Shapiro delay the situation is different. We found that it depends on the teleparallel model parameters
in a more involved. Schematically the correction to the GR prediction is given by M3
√
r2−r2
0
10(r+r0)
[(r0r)
−2
∑3
i=1 ciαi +
r−30 r
−1
∑3
i=1 diαi + r
−4
0 (4α1 + α3)], see (61). Due to the appearance of the different powers of the radii r and r0,
between which one measures the time delay, measurements for different values of r constrain the three different
combinations of the parameters and thus the Shapiro delay is way more sensitive to detect or constrain teleparallel
corrections to GR as the previously discussed photon sphere and perihelion shift. Combining the Shapiro delay with
one of the other observables suffices to constrain all three parameters of the theory.
Last but not least we studied the teleparallel correction to the light deflection. Most interestingly, to leading order
it only depends on the parameter combination 4α1 + α3, which also appears in the Shapiro delay. We conclude
that a combined high precision measurement of the Shapiro delay and light deflection present a very good ground
to test teleparallel modifications of GR against experimental observations. Considering in addition perihelion shift
observations it is possible to constrain all three parameters of theory. The photons sphere is not a direct observable and
the black hole shadow detection has not yet reached the precision to yield additional constraints to the aforementioned
ones.
Future research, which will rely on the spherically symmetric solutions presented here, are the calculation of the
quasi normal modes spectrum of black holes and neutrons stars, that are formed in a collision of a binary system. This
will predict the influence of teleparallel modifications of GR in gravitational wave signals. From the more theoretical
aspects, the analysis of quasi normal modes, starting from spherically symmetric solutions, will additionally provide
new insights in the long standing question of the number of degrees of freedom of f(T) gravity. Moreover, the influence
of teleparallel gravity on stars can be studied by searching for interior solutions which match the presented vacuum
solutions.
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Appendix A: The f(Tten, Tvec, Tax)-gravity field equations
To obtain the field equations of teleparallel theories of gravity in Section II B we reduced the field equations of
f(Tten, Tvec, Tax)-gravity. Here we display the full, not reduced field equations. Variation of the action
S[h,Ψ] =
∫
d4x |h|
[
1
2κ2
f(Tten, Tvec, Tax) + Lm(g,Ψ)
]
. (A1)
with respect to the tetrad haµ yields
− 2fTvec (T µβσvσ + vµvβ)− 2haβ
◦∇ν [fTvec(vµhaν − vνhaµ)]
− 2
3
fTaxǫσα
µλaσTαβλ − 2
3
haβ
◦∇ν (fTaxǫσανµhaαaσ)
− fTten
(
2T ρβσTρ
µσ + T µρσT
ρ
β
σ + TαρβT
ρ
α
µ − T µβσvσ − vµvβ
)
+ haβ
◦∇ν
[
fTten (2Ta
µν − T µνa + T νµa + vµhaν − vνhaµ)
]
+ fδµβ = 2κ
2haβΘa
µ , (A2)
where the energy-momentum tensor was defined as
Θa
µ =
1
h
δ(hLm)
δhaµ
. (A3)
The original derivation of these equations can be found in [72].
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